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about 1.3. Of course, as a decreases, the resultant velocity
ratio decreases. With the materials considered here, if a is
decreased below about -J, the velocity advantage begins to
disappear.

In conclusion, when maintenance of moderate wall tem-
peratures is required, it appears that condensation in a super-
sonic nozzle is a promising way of increasing exit velocity
(specific impulse) for propulsion units.
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Population Inversions behind
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Introduction

S early as 1962, Basov and Oraevskii1 suggested that
population inversions in molecular systems could be

created by rapid heating or cooling of the system. Subse-
quently, Hurle and Hertzberg2 suggested that population
inversions could be obtained in the rapid, nonequilibrium
expansion of an initially hot gas through a supersonic nozzle.
Indeed, experimental and theoretical results for such inver-
sions, as well as laser stimulated emission, have been recently
obtained in expansions of C02-N2-He or H20 mixtures (see
the reviews in Refs. 3-5).

In contrast to rapid cooling, the present Note describes a
theoretical study of vibrational population inversions created
by rapid heating behind a normal shock wave in C02-N2-He
mixtures. On one hand, the creation of population inver-
sions behind normal shock waves by means of shock-initiated
chemical reactions have been studied by Oraevskii6 and Gross
et al.7 Here, the inversions are formed directly by the prefer-
ential conversion of chemical energy into electronic6 or vibra-
tional7 energy of the product species; this is the general princi-
ple of chemical lasers. On the other hand, the present Note

examines the purely vibrational relaxation processes behind a
normal shock wave in C02-N2-He mixtures. The results of
this analysis indicate that population inversions between the
(200) and (001), and between the (04°0) and (001) vibrational
energy levels of C02, can be created by molecular vibrational
energy exchange only. Moreover, the present Note assesses
the potential of this nonequilibrium flow as a possible laser
medium.

Vibrational Model

The vibrational model assumed for the present study is
shown in Fig. 1, which contains the pertinent low-lying vibra-
tional energy levels of C02 and N2. This model is described
in detail in Ref. 8; in essence, the participating energy levels
are grouped into modes I and II which are assumed in equi-
librium within themselves, but not with each other. The net
vibrational energies per unit mass, evibl and evibn, are the
dependent nonequilibrium variables, which are assumed to
relax according to the equations

wi = d(evib)I/dt = (l/n)[(eVib)i«« - (evib)il (1)

wu = d(eVib)nM = (lAii)[(eVib)iie« - («vib)n] (2)
Here, TI and TH are the characteristic relaxation times for
modes I and II, respectively; they are averages which depend
on Ta, Tb, and rc for the mixture (see Fig. 1).

This vibrational model is a reasonable approximation for the
detailed translation-vibration (T-V) and vibration-vibration
(V-V) energy transfers within the C02-N2-He mixture.
Details of the approximations and their justification are as
follows: 1) The relaxation (excitation) of mode I is assumed
to be governed by the T-V transfer, TC. This is justified be-
cause the much slower V-V transfer, ra, has only a weak
influence on mode I. For example, for a mixture of 60% He,
1.9% C02 and 38.1% N2 at room temperature, the data of
Ref. 9 show T«/TC = 24. Obviously, for the mixtures of
interest here, rc is the prevailing relaxation time for the net
excitation of mode I. 2) For the relaxation of mode II, both
T-V and V-V energy exchanges are taken into account through
the use of both ra and r& in the calculation of TH (see Ref. 8).
With this value of m, MacDonald10 has kindly pointed out
that Eq. (2) becomes more precise as Tvibl approaches the
gas translational temperature, T. For the case of present
interest, this condition prevails; mode I relaxes very rapidly
and is reasonably equilibrated with T before most of the
mode II relaxation takes place. This behavior has been
clearly established in both experimental and theoretical
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Fig. 1 Vibrational
model.
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studies of gasdynamic lasers employing CO^-N^-He or H2O
mixtures.3-"5 3) The accuracy of the present vibrational
model has been substantiated by numerous comparisons with
experiment. For example, Fig. 2 illustrates the variation of
small-signal laser gain (which is proportional to population
inversion) in a rapidly expanding gas as a function of distance
through a supersonic nozzle and a downstream constant area
duct. The experimental data were measured in the NQL
3-Megawatt Arc Tunnel5; the theoretical results were ob-
tained from the analysis of Ref . 8 using the same vibrational
model as employed in the present Note. Excellent agreement
is obtained. At large distances downstream of the nozzle
exit, the experimental data drops slightly below the theoreti-
cal curve due to weak shock waves and other viscous effects
in the experimental flow. Independently, Lee11 has also
found excellent agreement between his arc tunnel gasdynamic
laser experiments (using C02-N2-He mixtures) and the
analysis of Ref. 8. Moreover, the present vibrational model
yields small-signal gain predictions which are in reasonable
agreement with shock tunnel experiments12 for C02-N2-He
mixtures. These comparisons, among others, promote sub-
stantial confidence in the present model.

Finally, emphasis is made that the model in its present form
is formulated only for the calculation of population inversions
in C02-N2-He or H20 mixtures; it is not necessarily valid for
other gases, nor can it be used when substantial amounts of
radiative power is being extracted from the flow.

Analysis

The present gas dynamic analysis makes the standard
assumptipns of a stationary, discontinuous shock front with
frozen conditions immediately behind the front. Hence, at
this location p2, T2, and u2 are obtained from the standard
calorically perfect gas equations for normal shocks, and
evibl and evibn are equal to their respective upstream values.
In turn, these quantities are the boundary conditions for the
downstream nonequilibrium flow, which is solved by forward
numerical integration of the governing steady flow conserva-
tion equations as functions of distance behind the shock front.
These equations are :
Continuity: udp/dx + pdu/dx = 0 (3)
Momentum: (RT/p)dp/dx + RdT/dx + udu/dx = 0 (4)
Energy: RTdu/dx + uRadT/dx + u + evibn) =

(5)

Rate: devibl/dx = wi/u and devibu/dx = wu/u (6)
where a = |X#e + f (XCo2 + X*,), p = pRT, and the nota-
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Fig. 2 Profile of gasdynamic laser gain for a minimum
length contoured nozzle (throat height = 1 mm and
inviscid area ratio = 20) exhausting into a constant area

duct.
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Fig. 3 Variation of translational and vibrational tempera-
ture behind the shock front.

tion is standard. The solution is terminated when equi-
librium values of the normal shock properties are closely ap-
proached ; equilibrium normal shock properties for C02-N2-He
mixtures are known in advance from Ref. 13. A detailed dis-
cussion of the numerical aspects of the present study can be
found in Ref. 14.

Results

Numerical results for a typical case are shown in Figs. 3 and
4. Figure 3 illustrates temperature variations in the non-
equilibrium region behind the shock front, and clearly shows
the rapid equilibration of Tvibl with the translational tem-
perature T, whereas in contrast, Tvibu relaxes more slowly.
At a distance of 4 mm downstream of the shock front, all three
temperatures have equilibrated within one percent of the
final equilibrium temperature, which has been taken from the
results of Ref. 13. The results shown in Fig. 3 reflect a
molecular collisional process which indeed leads to population
inversions behind the shock front, as shown in Fig. 4. These
inversions occur between the (04°0) and (001) levels and to a
lesser degree between the (200) and (001) levels in C02.
Examining Fig. 4, near the shock front the inversions rapidly
increase due to the rapid population of the excited levels of
mode I while at the same time the excitation of mode II is
lagging far behind. However, the inversion soon peaks and
begins to decrease farther downstream as the lower (001)
level is substantially populated. Note that, for the given
upstream conditions, the inversions persist over a length from
1-2 mm behind the shock front. The vibrational kinetics
obey binary scaling; hence, the spatial extent of the popula-
tion inversions can be increased or decreased by a propor-
tional decrease or increase in piy keeping TI and u\ the same.
Many additional results obtained from the present study are
discussed in Ref. 14.

Discussion

How do the laser properties of this nonequilibrium shock
flow compare with those obtained by rapid expansions?

2.0 3.0
DISTANCE BEHIND SHOCK (mm)

Fig. 4 Variation of population inversions behind the
shock front.
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First, the conventional, rapid expansion gas dynamic laser3"5

creates a population inversion between the (001) and (100)
levels in C02 which subsequently lases at X = 10.6ju. In
contrast, the inversions shown in Fig. 4 between the (04°0)
and (001) levels, and between the (200) and (001) levels,
would correspond to laser transitions at 50/z and 22ju, re-
spectively. An important parameter for gas lasers is small
signal gain, GQ, defined as dl/I = G0dz where / is the incident
radiation intensity on a slab of laser gas of thickness dz, and
dl is the increase in beam intensity after traversing the length
dz. As shown in Appendix A of Ref. 15, Go a (X2/T2i)-/Af a

(M2/\)-IN, where .rW is the spontaneous radiative lifetime
for a transition between the upper and lower laser levels, M is
the corresponding quantum mechanical matrix element, and
IN is the population inversion. For C02, computed values
of M for the 50/z, 22/j, and 10.6ju transitions are in the ratio
0,21 X 10-2:0.21X10-2:0.34 X lO"1, respectively.16 Also,
the shock induced population inversions shown in Fig. 4 are
approximately one order of magnitude smaller than typical
inversions created in rapid expansions through supersonic
nozzles. In light of the above numbers, a comparison of Go
at 50/x and 22/f behind a shock wave with GQ at 10.6ju in a
rapid expansion leads to ((ro)5oM/(£ro)io-6M ~ 10~4 and ((r0)22M/
(£ro)io-6M ~ 2 X 10"4. Clearly, the nonequilibrium region be-
hind a normal shock wave in C02-N2-He mixtures produces a
low-gain medium. A more detailed discussion and compari-
son of these and other laser properties are contained in Ref. 14.

Conclusion

The present study indicates that population inversions
occur behind a normal shock front due strictly to translation-
vibration and vibration-vibration molecular energy exchanges
in C02-N2-He mixtures. However, the laser properties of
this shock-induced nonequilibrium flow are clearly not as
promising as those of gas dynamic lasers operating on the
principle of rapid expansion.
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Turbulent Boundary Layers at

Low Reynolds Numbers
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Introduction

CURRENTLY there are several quite accurate numerical
methods for calculating turbulent boundary layers.

Some of these methods are based on the solution of the mo-
mentum integral and/or energy integral equations and are
called integral methods. Other methods are based on the
solution of the governing conservation equations in their
partial-differential equation form. These are called differen-
tial methods. Almost all these prediction methods are based
on empirical data obtained at high Reynolds numbers (Re >
6000). According to several experiments and investigators
there is a definite ReyDolds effect for Re < 6000. For example,
in Ref. 1, Coles observed that his law of the wall formulation
failed for low Reynolds numbers; the strength of the wake
component, which stayed constant for momentum Reyn-
olds numbers greater than 6000, showed a large variation at
low Reynolds numbers. It should, however, be mentioned
that Coles' analysis relies on the constancy of k and c in the
logarithmic velocity profile.

UT E= (Tw/ (1)

The low Reynolds number effect is quite important in
turbomachines and on airfoils in wind tunnels. For example,
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Fig. 1 Calculated and experimental skin-friction coef-
ficients for a flat-plate turbulent flow at low Reynolds

numbers.
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